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Abstract
We investigate the size and large intersection properties of
Et =
{
x ∈ Rd ∣∣ ‖x − k − xi‖ < ri t for infinitely many (i, k) ∈ Iμ,α ×Zd},
where d ∈ N, t  1, I is a denumerable set, (xi , ri )i∈I is a family in [0,1]d × (0,∞) and Iμ,α denotes
the set of all i ∈ I such that the μ-mass of the ball with center xi and radius ri behaves as riα for a given
Borel measure μ and a given α > 0. We establish that the set Et belongs to the class Gh(Rd) of sets with
large intersection with respect to a certain gauge function h, provided that (xi , ri )i∈I is a heterogeneous
ubiquitous system with respect to μ. In particular, Et has infinite Hausdorff g-measure for every gauge
function g that increases faster than h in a neighborhood of zero. We also give several applications to metric
number theory.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Hausdorff dimension; Hausdorff measures; Large intersection; Heterogeneous ubiquity; Diophantine
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1. Introduction
A classical problem in the theory of Diophantine approximation is to describe the size prop-
erties of the set
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{
x ∈ R
∣∣∣ ∣∣∣∣x − pq
∣∣∣∣< q−τ for infinitely many (p, q) ∈ Z×N
}
of all real numbers that are τ -approximable by rationals (τ > 0). A well-known theorem of
Dirichlet ensures that Jτ = R if τ  2, see [18]. Conversely, Jτ has Lebesgue measure zero if
τ > 2. To give a more precise account of the size properties of Jτ , Jarník [21] and Besicovitch [6]
established that its Hausdorff dimension is 2/τ . Furthermore, Jarník [22] determined its Haus-
dorff h-measure (see Section 2 for the definition) for some functions h in the set D1 which is
defined as follows.
Definition 1. For d ∈ N, let Dd be the set of all functions which vanish at zero, are continuous
and nondecreasing on [0, ε] and are such that r → h(r)/rd is positive and nonincreasing on
(0, ε], for some ε > 0. Any function in Dd is called a gauge function. Moreover, for g,h ∈ Dd ,
let us write g ≺ h if g/h monotonically tends to infinity at zero.
The result of Jarník, later refined by V. Beresnevich, D. Dickinson and S. Velani [5], is the
following: for any h ∈ D1 with h(r) ≺ r , the set Jτ has infinite (respectively zero) Hausdorff
h-measure if
∑
q h(q
−τ )q = ∞ (respectively < ∞). On top of that, K. Falconer [13] proved that
Jτ enjoys a large intersection property, in the sense that it belongs to the class G2/τ (R). Recall
that the class Gs(Rd) of sets with large intersection of dimension at least a given s ∈ (0, d] was
defined by Falconer [13] as the collection of all Gδ-subsets F of Rd such that
dim
∞⋂
n=1
fn(F ) s
for every sequence (fn)n∈N of similarities, where dim stands for Hausdorff dimension. It is the
maximal class of Gδ-sets of dimension at least s that is closed under countable intersections and
similarities. Thus, any intersection of a countable number of sets of Gs(Rd) is of dimension at
least s. Note that this property is quite counterintuitive, since the dimension of the intersection
of two subsets of Rd of dimensions d1 and d2 respectively is usually expected to be d1 + d2 − d ,
see [14, Chapter 8].
Theorem 5 in [11] yields a more precise description of the large intersection properties of Jτ .
Specifically, Jτ belongs to a certain class Gh(R) for any h ∈ D1 with ∑q h(q−τ )q = ∞. The
class Gh(R), defined in [11], is closed under countable intersections and similarities and every
set in it has infinite Hausdorff g-measure for any g ∈ D1 such that g ≺ h (see Section 2 for
details and complements). In particular, Jτ belongs to Gr2/τ (R), which is included in the class
G2/τ (R) of Falconer. Moreover, Theorem 5 in [11] ensures that this set has maximal Hausdorff
h-measure in every open subset of R for any h ∈ D1 such that ∑q h(q−τ )q = ∞. This is an
improvement on Jarník’s theorem. The aforementioned results follow from a certain homogeneity
in the repartition of the rationals: they form a homogeneous ubiquitous system in the sense of [11].
Further improvements are obtained by allowing restrictions on the rational approximates. For
instance, G. Harman [19] studied the set
J Pτ =
{
x ∈ R
∣∣∣ ∣∣∣∣x − p
∣∣∣∣< q−τ for infinitely many primes (p, q) ∈ Z×N
}
q
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tor are prime (τ > 0). He established that J Pτ has full (respectively zero) Lebesgue measure
in R if τ < 2 (respectively τ  2). Moreover, Theorem 7 in [11] implies that J Pτ has maxi-
mal (respectively zero) Hausdorff h-measure in every open subset of R for any h ∈ D1 with∑
q h(q
−τ )q/(logq)2 = ∞ (respectively < ∞). In addition, J Pτ enjoys a large intersection prop-
erty, since it belongs to Gh(R) for any h ∈ D1 such that the preceding sum diverges. More
generally, the results of [11,19] enable to describe the size and large intersection properties of
the sets that are obtained when the numerator and the denominator of the rational approximates
are required to belong to various subsets of Z. This follows from the fact that these restricted
rationals form a homogeneous ubiquitous system, see [11].
J. Barral and Seuret [2,3] suggested to impose new restrictions on the rational approximates:
the Besicovitch conditions. Consider an integer c  2. Each real number x can be written in the
form x = x0 +∑p xpc−p , where x0 ∈ Z and xp (p ∈ N) belongs to {0, . . . , c − 1} and is not
asymptotically constantly equal to c − 1. For every b ∈ {0, . . . , c − 1} and every j ∈ N, let
σs,j (x) = 1
j
#
{
p ∈ {1, . . . , j} ∣∣ xp = s}.
Given a probability vector π = (π0, . . . , πc−1) ∈ (0,1)c (with ∑b πb = 1), Besicovitch [7]
and Eggleston [12] investigated the set of all real numbers x such that σb,j (x) → πb for all
b ∈ {0, . . . , c − 1} and established that its Hausdorff dimension is α = −∑b πb logc πb . Thus,
following the terminology of Barral and Seuret [2], an infinite set of rationals is said to fulfill
the Besicovitch condition associated with π if it can be enumerated as a sequence (pn/qn)n∈N
enjoying qn → ∞ and σb,	2 logc qn
(pn/qn) → πb for all b ∈ {0, . . . , c − 1}. Then, for τ  2, let
Jπτ =
⎧⎨
⎩x ∈ R
∣∣∣ ∃(pn/qn)n∈N irreducible | qn → ∞∀n |x − pn/qn| qn−τ
∀b σb,	2 logc qn
(pn/qn) → πb
⎫⎬
⎭
denote the subset of Jτ composed of all reals that are τ -approximable by rationals fulfilling
the Besicovitch condition associated with π . This condition makes it awkward to determine
whether the rational approximates form a homogeneous ubiquitous system. Moreover, even in
this case, the results of [11] may not yield optimal information as regards the size and large
intersection properties of Jπτ . To cope with these difficulties, Barral and Seuret [3] introduced the
notion of heterogeneous ubiquitous system (see Section 3), which enabled them to prove that the
Hausdorff dimension of Jπτ is 2α/τ . Corollary 9 below additionally shows that Jπτ enjoys a large
intersection property. Specifically, for any η ∈ (0,1/8), it contains a set of the class Ggα,τ,η (R)
where gα,τ,η(r) = r 2ατ −3(−log r)η−1/8 . As a result, it also contains a set of the class G2α/τ (R) of
Falconer.
A neighboring problem is to describe the size and large intersection properties of the set
J˜ πτ =
⎧⎨
⎩x ∈ R
∣∣∣ ∃(pn/qn)n∈N irreducible | qn → ∞∀n |x − pn/qn| qn−τ
∀b σb,	2 logc qn
(x) → πb
⎫⎬
⎭ .
The Besicovitch condition now bears on the approximated reals rather than on the rational ap-
proximates. Barral and Seuret [2] recently established that some subset of J˜ π belongs to the classτ
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a set of the class Ggα,τ,η (R), which is strictly included in G2α/τ (R). The methods of [11] cannot
be applied here. Indeed, J˜ πτ is included in the set of all reals x such that σb,	2 logc qn
(x) → πb
for all b ∈ {0, . . . , c − 1} and some sequence (qn)n∈N diverging to infinity. As shown in [2], the
dimension of this last set is α. Thus, J˜ πτ has Lebesgue measure zero for every τ > 0 if α < 1, so
that the rational approximates do not form a homogeneous ubiquitous system.
The asymptotic frequencies of the digits of real numbers are linked with the local behavior of
the multinomial measures, so that the Besicovitch conditions can be recast using these measures,
see Section 4. Consequently, the study of the large intersection properties of Jπτ is a special
case of the following general problem. Let us endow Rd with the supremum norm, let I denote
a denumerable set and let (xi, ri)i∈I be a family in [0,1]d × (0,∞) such that zero is the only
cluster point of (ri)i∈I . The size and large intersection properties of the set
Ft =
{
x ∈ Rd ∣∣ ‖x − k − xi‖ < ri t for infinitely many (i, k) ∈ I ×Zd},
where t ∈ [1,∞), are well determined when the family (k + xi, ri)(i,k)∈I×Zd forms a homoge-
neous ubiquitous system. To be specific, Theorem 2 in [11] ensures that Ft ∈ Grd/t (Rd). Note
that Ft is the natural generalization of the set Jτ of all reals that are τ -approximable by ratio-
nals. Likewise, the set Jπτ ⊆ Jτ of all reals that are τ -approximable by rationals fulfilling the
Besicovitch condition associated with π is comparable with the subset
Et =
{
x ∈ Rd ∣∣ ‖x − k − xi‖ < ri t for infinitely many (i, k) ∈ Iμ,α ×Zd}
of Ft , where Iμ,α denotes the set of all i ∈ I such that the μ-mass of the ball with center xi
and radius ri behaves as riα for some Borel measure μ and some α > 0. Barral and Seuret [3]
computed the Hausdorff dimension of Et when (xi, ri)i∈I is a heterogeneous ubiquitous system
with respect to μ, which imposes certain conditions on the repartition of the balls with center xi
and radius ri and on the local behavior of μ, see Section 3. As shown by Theorem 6 below,
the set Et additionally enjoys a large intersection property, in the sense that it lies in the class
Gh(Rd) for a certain gauge function h ∈ Dd . Let us mention that, in the particular case where μ
is a multinomial measure, Barral and Seuret recently obtained a similar result in [2]. However,
their result is somewhat weaker because it is expressed in terms of the classes of Falconer, which
are not as fine as the classes Gh(Rd).
As detailed in Section 4, the description of the large intersection properties of Jπτ is deduced
from Theorem 6 by picking the multinomial measure associated with π to play the role of μ.
Similarly, by choosing the Gibbs measure associated with some Hölder continuous function f ,
we infer the large intersection properties of the set of all points that are approximable by rationals
where the average of the Birkhoff sum associated with f has a given limit.
The paper is organized as follows. In Section 2 we recall the definition of the class Gh(V ) of
sets with large intersection in a given nonempty open set V with respect to a given gauge function
h ∈ Dd , which was introduced in [11]. In addition, we supply a sufficient condition expressed
in terms of similarities to ensure that a set belongs to Gh(Rd) where h is of a certain form. This
condition is convenient to establish Theorem 6 given in Section 3 according to which the afore-
mentioned set Et enjoys a large intersection property if the family (xi, ri)i∈I is a heterogeneous
ubiquitous system with respect to some measure μ. Section 4 then provides several applications
to metric number theory. Sections 5 and 6 are devoted to proving the main results of the paper.
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Recall that the set Dd of gauge functions is defined at the beginning of Section 1. For any
h ∈Dd , the Hausdorff h-measure is given by
∀F ⊆ Rd Hh(F ) = lim
δ↓0 ↑ inf(Up)p∈N
|Up |<δ
∞∑
p=1
h
(|Up|).
Here, the infimum is taken over all sequences (Up)p∈N of sets with F ⊆⋃p Up and |Up| < δ for
all p ∈ N, where | · | denotes diameter. This is a Borel measure on Rd . The Hausdorff dimension
of a nonempty set F ⊆ Rd is defined by
dimF = sup{s ∈ (0, d) ∣∣Hrs (F ) = ∞}= inf{s ∈ (0, d) ∣∣Hrs (F ) = 0}
with the convention that sup∅ = 0 and inf∅ = d , see [14,25].
In order to refine the classes of Falconer, we introduced in [11] the class Gh(V ) of sets with
large intersection in a given nonempty open subset V of Rd with respect to a given function
h ∈Dd . Contrary to the classes of Falconer, the class Gh(V ) is defined using outer net measures
rather than similarities. Specifically, given an integer c  2, let Λc denote the collection of all
c-adic cubes of Rd , i.e. sets of the form λ = λcj,k = c−j (k+[0,1)d) where j ∈ Z and k ∈ Zd . The
integer j is called the generation of λ and is denoted by 〈λ〉c. The outer net measure associated
with h is given by
∀F ⊆ Rd Mh∞(F ) = inf
(λp)p∈N∈Rc,h(F )
∞∑
p=1
h
(|λp|)
where Rc,h(F ) is the set of all sequences (λp)p∈N in Λc ∪ {∅} such that F is included in ⋃p λp
and |λp| is less than εh, which is the supremum of all ε ∈ (0,1] such that h is continuous and
nondecreasing on [0, ε] and r → h(r)/rd is positive and nonincreasing on (0, ε]. Moreover,
recall that a Gδ-set is one that may be expressed as a countable intersection of open sets. The
class Gh(V ) is then defined as follows.
Definition 2. Let h ∈ Dd and let V be a nonempty open subset of Rd . The class Gh(V ) of subsets
of Rd with large intersection in V with respect to h is the collection of all Gδ-subsets F of Rd
such that Mg∞(F ∩U) =Mg∞(U) for every g ∈Dd enjoying g ≺ h and every open set U ⊆ V .
The class Gh(V ) enjoys the same kind of stability properties as the classes of Falconer, as
shown by the following result of [11]. It is also proven in the same paper that Gh(V ) depends on
the choice of neither the integer c nor the norm Rd is endowed with.
Theorem 3. Let h ∈Dd and let V be a nonempty open subset of Rd . Then
• the class Gh(V ) is closed under countable intersections;
• the set f−1(F ) belongs to Gh(V ) for every bi-Lipschitz mapping f :V → Rd and every set
F ∈ Gh(f (V ));
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dimF  sh = sup{s ∈ (0, d) | rs ≺ h}.
By Theorem 3, every sequence (Fn)n∈N in Gh(V ) enjoys Hg(
⋂
n Fn) = ∞ for every g ∈ Dd
with g ≺ h. In addition, Gh(Rd) is included in the class Gsh(Rd) of Falconer if sh is positive.
More precisely, each F ∈ Gh(Rd) satisfiesHg(⋂n fn(F )) = ∞ for every g ∈Dd with g ≺ h and
every sequence (fn)n∈N of similarities. Proposition 4 below provides a partial converse to this
result. In its statement, Dc denotes the set of all dilations that map a c-adic cube λ with diameter
less than one to a c-adic cube with generation greater than or equal to that of λ. Moreover,
Φ is the set of all functions ϕ that are continuous and nondecreasing on [0, ρ] for some ρ > 0,
vanish at zero and are such that r−ϕ(r) monotonically tends to infinity as r → 0 and such that
r → rε−ϕ(r) tends to zero at zero and increases in (0, ρε] for some ρε > 0 and any ε > 0. Thus,
for every β ∈ (0, d] and every ϕ ∈ Φ , the function hβ,ϕ : r → rβ−ϕ(r) belongs to Dd and the class
Ghβ,ϕ (Rd) is strictly contained in Gβ(Rd).
Proposition 4. Let β ∈ (0, d], let ϕ ∈ Φ and let F be a Gδ-subset of Rd such that
Hhβ,ϕ
( ∞⋂
n=1
fn(F )
)
> 0 (1)
for every sequence (fn)n∈N in Dc. Then F belongs to Ghβ,ϕ (Rd).
We refer to Section 5 for a proof of this result. The gauge functions hβ,ϕ , for β ∈ (0, d] and
ϕ ∈ Φ , are precisely those which arise in the study of the large intersection properties of the
sets introduced by Barral and Seuret in [3], see Section 3. As an example of functions of the
form hβ,ϕ , let us mention
r → rβ
∞∏
p=1
(
log◦p 1
r
)νp
where log◦p stands for the pth iterate of the logarithm, β ∈ (0, d] and (νp)p∈N denotes a se-
quence in [0,∞) such that all νp vanish except a finite number of them.
3. Heterogeneous ubiquity
We begin by recalling the notion of homogeneous ubiquitous system introduced in [11]. Given
a denumerable set I , let S0d (I ) denote the set of all families (xi, ri)i∈I in [0,1]d × (0,∞)
such that, for every ε > 0, there are at most finitely many i ∈ I enjoying ri > ε. A family
(xi, ri)i∈I ∈ S0d (I ) is a homogeneous ubiquitous system in (0,1)d if for Lebesgue-almost every
x ∈ [0,1]d , there are infinitely many i ∈ I enjoying ‖x − xi‖  ri . Examples of homogeneous
ubiquitous systems include the rational numbers, the real algebraic numbers of bounded degree,
the algebraic integers of bounded degree and, more generally, the optimal regular systems which
are very common in the theory of Diophantine approximation, see [11].
The notion of heterogeneous ubiquitous system was introduced by Barral and Seuret in [3].
Let us endow Rd with the supremum norm. To be a heterogeneous ubiquitous system, a family
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Borel measures with support [0,1]d and let m ∈ M. The first assertion is:
(i) For m-almost every x ∈ [0,1]d , there are infinitely many i ∈ I such that ‖x − xi‖ ri/2.
Let us mention some examples of families for which (i) holds. Given an integer c  2, let
Id,c be the set of all pairs (j, k) with j ∈ N and k ∈ {0, . . . , cj }d . For each x ∈ [0,1]d there
are infinitely many (j, k) ∈ Id,c such that ‖x − kc−j‖  c−j /2. Thus, (i) holds for the family
(kc−j , c−j )(j,k)∈Id,c ∈ S0d (Id,c) and for any m ∈ M.
Likewise, let Id,rat be the set of all pairs (p, q) with q ∈ N and p ∈ {0, . . . , q}d . By Dirichlet’s
theorem, (i) holds for the family (p/q,2q−1−1/d)(p,q)∈Id,rat ∈ S0d (Id,rat) along with any m ∈M,
see [18, Theorem 200]. Furthermore, given x ∈ Rd\Qd , let κ(x) be the infimum of all κ ∈ (0,1]
such that ‖x −p/q‖ < κ1/dq−1−1/d holds for infinitely many (p, q) ∈ Zd ×N where p/q has at
least one irreducible coordinate and let γd be the supremum of those κ(x). Hurwitz [20] showed
that γ1 = 1/
√
5, see [18, Theorem 193]. Let I∗1,rat be the set of all pairs (p, q) with q ∈ N and
p ∈ {1, . . . , q − 1} such that p/q is irreducible. As γ1 < 1/2, (i) holds in dimension one for
the family (p/q,1/q2)(p,q)∈I∗1,rat ∈ S01 (I∗1,rat) along with any m ∈ M enjoying m(Q) = 0. We
shall use this result in order to prove Corollary 9, see Section 4. Note that various bounds on γd
have been established in the case where d  2 but its exact value is still unknown, see [17,
Section 2.23].
Let us define the three other assertions. Consider an integer c  2. Given x ∈ Rd and j ∈ Z,
let λcj (x) denote the unique c-adic cube with generation j that contains x. Moreover, write 3λ for
the cube obtained by expanding any λ ∈ Λc by a factor 3 about its center. The second assertion
states that the local behavior of a given measure m ∈ M is controlled m-almost everywhere by
the function hβ,ϕ ∈Dd for some β ∈ (0, d] and some ϕ ∈ Φ:
(ii) For m-almost every x ∈ [0,1]d , there is an integer j (x) such that, for every integer j  j (x)
and every k ∈ {0, . . . , cj − 1}d ,
λcj,k ⊆ 3λcj (x) ⇒ m
(
λcj,k
)
 hβ,ϕ
(∣∣λcj,k∣∣).
Let Ψ be the set of all functions ψ that are continuous and nondecreasing on [0, ρ] for some
ρ > 0, vanish at zero and are such that r → r−ψ(r) is nonincreasing on (0, ρ]. The third assertion
indicates that a measure m ∈ M focuses on the points where a given measure μ ∈ M follows a
power-law behavior with exponent α > 0 up to a correction ψ ∈ Ψ :
(iii) For m-almost every x ∈ [0,1]d , there is an integer j (x) such that, for every integer j  j (x)
and every k ∈ {0, . . . , cj − 1}d ,
λcj,k ⊆ 3λcj (x) ⇒
∣∣λcj,k∣∣α+ψ(|λcj,k |)  μ(λcj,k) ∣∣λcj,k∣∣α−ψ(|λcj,k |).
The last assertion imposes a self-similarity condition on a measure m ∈ M. To be specific,
given a c-adic cube λ with nonnegative generation, let ωλ denote the dilation that maps λ to the
unique cube of vanishing generation that contains it. Moreover, for any c-adic cube λ ⊆ [0,1)d ,
let mλ = m ◦ωλ. The last assertion is:
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absolutely continuous with respect to one another.
Two important examples of measures for which (ii)–(iv) hold are discussed in Section 4: the
products of multinomial measures and the Gibbs measures associated with a Hölder continuous
function.
Definition 5. Let I be a denumerable set. Any family (xi, ri)i∈I ∈ S0d (I ) is called a heteroge-
neous ubiquitous system with respect to (μ,α,β,ϕ) ∈ M× (0,∞)× (0, d] ×Φ if (i)–(iv) hold
for some ψ ∈ Ψ , some m ∈ M and some integer c 2.
The homogeneous ubiquitous systems of [11] are a particular case of the heterogeneous ones.
Indeed, given a denumerable set I , consider a family (xi, ri)i∈I ∈ S0d (I ) which is a homogeneous
ubiquitous system in (0,1)d . Proposition 15 in [11] implies that (i) holds when m is the Lebesgue
measure on [0,1]d , which is denoted by Ld . It is then straightforward to establish that (xi, ri)i∈I
is a heterogeneous ubiquitous system with respect to (Ld , d, d,ϕ) for every ϕ ∈ Φ .
Let I denote a denumerable set and let (xi, ri)i∈I be a heterogeneous ubiquitous system with
respect to (μ,α,β,ϕ) ∈ M × (0,∞) × (0, d] × Φ . Thus, (i)–(iv) hold for some ψ ∈ Ψ , some
m ∈ M and some integer c  2. Moreover, for any M ∈ (0,∞), let Iμ,αM,ψ be the set of all i ∈ I
such that
M−1(2ri)α+ψ(2ri )  μ
(
B(xi, ri)
)
 μ
(
B¯(xi, ri)
)
M(2ri)α−ψ(2ri ) (2)
where B(xi, ri) and B¯(xi, ri) are the open and the closed balls with center xi and radius ri
respectively. Given t ∈ [1,∞), Barral and Seuret investigated the size properties of the set
E˜t =
{
x ∈ [0,1]d ∣∣ ‖x − xi‖ < ri t for infinitely many i ∈ Iμ,αM,ψ} (3)
of all points in [0,1]d that lie infinitely often in an open ball B(xi, ri t ) when i is such that the
μ-mass of B(xi, ri) behaves as riα . Specifically, they established that for some M ∈ (0,∞) and
every t ∈ [1,∞), the Hausdorff dimension of E˜t is at least β/t , see [3, Theorem 2.7]. Thus, the
same property holds for
Et = Zd + E˜t =
{
x ∈ Rd ∣∣ ‖x − p − xi‖ < ri t for infinitely many (i,p) ∈ Iμ,αM,ψ ×Zd}. (4)
On top of that, the sets E˜t and Et enjoy a large intersection property, as shown by the following
theorem which is proven in Section 6.
Theorem 6. Let I be a denumerable set and let (xi, ri)i∈I be a heterogeneous ubiquitous sys-
tem with respect to (μ,α,β,ϕ) ∈ M × (0,∞) × (0, d] × Φ . Then, for some ψ ∈ Ψ and some
M ∈ [1,∞):
• E˜1 ∈ Ghβ,ϕ ((0,1)d) and E1 ∈ Ghβ,ϕ (Rd);
• E˜t ∈ Ghβ/t,2ϕ+φ ((0,1)d) and Et ∈ Ghβ/t,2ϕ+φ (Rd) for all t  1 and φ ∈ Φ .
Remark 7. This result is reminiscent of Theorem 2 in [11] which discusses the large intersection
properties of the sets built on homogeneous ubiquitous systems. Note that it is pointless to apply
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also a heterogeneous ubiquitous system). Indeed, let (xi, ri)i∈I ∈ S0d (I ) denote a homogeneous
ubiquitous system in (0,1)d . Then (xi, ri)i∈I is a heterogeneous ubiquitous system with respect
to (Ld , d, d,ϕ) for all ϕ ∈ Φ . Furthermore, ILd ,dM,ψ = I for all ψ ∈ Ψ and M ∈ [1,∞). Thus,
for all t ∈ [1,∞), Theorem 2 in [11] ensures that E˜t ∈ Grd/t ((0,1)d), while Theorem 6 above
implies that E˜t ∈ Grd/t−ϕ(r) ((0,1)d) for all ϕ ∈ Φ , which is a weaker result since some gauge
functions h ≺ rd/t are not of the form h(r) = rd/t−ϕ(r).
Theorem 6 enables to investigate the size properties of the intersection of a countable number
of sets built on heterogeneous ubiquitous systems. Let J denote a countable set and, for each
j ∈ J , let (xji , rji )i∈Ij (where Ij is a denumerable set) be a heterogeneous ubiquitous system
with respect to (μj ,αj ,βj ,ϕj ) ∈M× (0,∞)× (0, d] ×Φ . Assume that infj βj /tj > 0. Then,
by Theorems 3 and 6, there are a family (Mj )j∈J in [1,∞) and a family (ψj )j∈J in Ψ such that
⋂
j∈J
E˜
j
tj
∈
⋂
h∈Dd∀j,h≺h
βj /tj ,2ϕj+φj
Gh
(
(0,1)d
)
for every family (φj )j∈J in Φ and every family (tj )j∈J in [1,∞), where E˜jtj is defined as in (3).
As a consequence, the Hausdorff dimension of
⋂
j E˜
j
tj
is at least infj βj /tj . This result can be
seen as the analog of Theorem 2 in [10] for sets built on heterogeneous ubiquitous systems.
4. Applications to metric number theory
In [3], Barral and Seuret gave several examples of heterogeneous ubiquitous systems
(xi, ri)i∈I ∈ S0d (I ) (where I is a denumerable set) with respect to some tuple (μ,α,β,ϕ) ∈
M × (0,∞) × (0, d] × Φ . We review them in this section and we show that the corresponding
sets E˜t and Et which are defined in Section 3 enjoy a large intersection property.
4.1. Products of multinomial measures
To begin with, let us recall the definition of multinomial measures. Consider an integer c 2.
Any c-adic interval λ = c−j (k + [0,1)) ⊂ [0,1) (j ∈ N, k ∈ {0, . . . , cj − 1}) can be coded by
some u(λ) = (u(λ)1, . . . , u(λ)j ), where u(λ)p = 	kcp−j
 mod c for all p ∈ {1, . . . , j}. Let π =
(π0, . . . , πc−1) ∈ (0,1)c with ∑b πb = 1. Then π is called a probability vector. For each j ∈ N,
let
μπj (dx) =
∑
λ⊂[0,1)
〈λ〉c=j
cj1λ(x)
j∏
p=1
πu(λ)pdx
where the sum is over all c-adic subintervals of [0,1) with generation j . Then (μπj )j∈N con-
verges weakly to some Borel probability measure μπ , which is called the multinomial measure
associated with π . Note that the positivity of the coordinates of π is not required for defining
and studying the basic properties of this measure. We make this assumption here to ensure that
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be interesting to know if results analogous to those of this subsection hold in the case where this
assumption is not fulfilled.
The multifractal analysis of the measure μπ (that is, the computation of the Hausdorff di-
mension of the set Vα , α ∈ R, of all real numbers x ∈ [0,1) such that − 1j logc μπ(λcj (x)) → α)
involves
∀q ∈ R τμπ (q) = − lim
j→∞
1
j
logc
∑
λ⊂[0,1)
〈λ〉c=j
(
μπ(λ)
)q = − logc
c−1∑
b=0
πb
q.
Let q ∈ R, α = τ ′μπ (q) and β = qτ ′μπ (q)−τμπ (q). Then, studying the multinomial measure μπ,q
associated with cτμπ (q)(π0q, . . . , πc−1q), one can show that the Hausdorff dimension of Vα is β ,
see [8].
Let us turn our attention to products of multinomial measures and investigate the large inter-
section properties of the corresponding sets E˜t and Et which are defined in Section 3. Specifi-
cally, let π1, . . . , πd be probability vectors and let μ = μπ1 ⊗· · ·⊗μπd . Then μ is a Borel prob-
ability measure with support [0,1]d and its multifractal analysis involves τμ = τμ
π1
+· · ·+τμ
πd
.
Given q ∈ R, let α = τ ′μ(q) and β = qτ ′μ(q) − τμ(q). Moreover, let m = μπ1,q ⊗ · · · ⊗ μπd,q ,
ϕ = fη : r → (−log r)η−1/8 and ψ = fη′ , where η,η′ ∈ (0,1/8). Then (ii)–(iv) hold, by The-
orem 1 in [1]. Suppose that (i) holds for some family (xi, ri)i∈I ∈ S0d (I ). Thus, this family
is a heterogeneous ubiquitous system with respect to (μ,α,β,ϕ) and Theorem 6 ensures that
E˜t ∈ Ghβ/t,3fη ((0,1)d) and Et ∈ Ghβ/t,3fη (Rd) for some M ∈ [1,∞) and all t ∈ [1,∞).
Let us now exploit the link between multinomial measures and digits of points in order to show
that the points that are approximated by rationals which satisfy a given Besicovitch condition
form a set with large intersection. Let q = 1 in what precedes, so that α = β = τ ′μ(1) and m = μ.
Each real number x can be written in the form x = x0 +∑∞p=1 xpc−p where x0 ∈ Z and xp
(p ∈ N) belongs to {0, . . . , c − 1} and is not asymptotically constantly equal to c − 1. Consider
∀b ∈ {0, . . . , c − 1} ∀j ∈ N σb,j (x) = 1
j
#
{
p ∈ {1, . . . , j} ∣∣ xp = b}.
The law of large numbers implies that the set of all points x = (x1, . . . , xd) ∈ [0,1]d such that
σb,j (x
s) → πsb for all s ∈ {1, . . . , d} and b ∈ {0, . . . , c − 1} has full μ-measure. As a result, we
deduce that its Hausdorff dimension is at least
α = τ ′μ(1) = −
d∑
s=1
c−1∑
b=0
πsb logc π
s
b , (5)
thus recovering a well-known result of Besicovitch [7] and Eggleston [12]. The law of the iterated
logarithm (see e.g. [26]) yields a more precise result. Specifically, for m-almost every x ∈ [0,1]d
there is an integer j (x) ∈ N such that
sup
z∈[0,1]d∩3λcj (x)
max
s∈{1,...,d}
∣∣σb,j (zs)− πsb ∣∣√log c ς(c−j )
b∈{0,...,c−1}
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ς : r →
( log log log 1
r
log 1
r
)1/2
. (6)
Let IDevπ denote the set of all i ∈ I such that
max
s∈{1,...,d}
b∈{0,...,c−1}
∣∣σb,	−logc ri
(xsi )− πsb ∣∣ 2√log c ς(ri). (7)
The following result is established in Section 6.
Proposition 8. Consider d probability vectors π1, . . . , πd ∈ (0,1)c (c 2). Let I be a denumer-
able set and let (xi, ri)i∈I ∈ S0d (I ). Assume that (i) holds for m = μπ1 ⊗ · · · ⊗ μπd . Then, the
set
E˜Devt =
{
x ∈ [0,1]d ∣∣ ‖x − xi‖ < ri t for infinitely many i ∈ IDevπ }
belongs to Ghα/t,3fη ((0,1)d) and EDevt = Zd + E˜Devt belongs to Ghα/t,3fη (Rd) for all t ∈ [1,∞)
and η ∈ (0,1/8), where α is given by (5) and fη : r → (−log r)η−1/8.
Proposition 8 enables to determine the large intersection properties of the set
Uπ,t =
⎧⎨
⎩x ∈ R
∣∣∣ ∃(pn/qn)n∈N irreducible | qn → ∞∀n |x − pn/qn| qn−2t
∀b σb,	2 logc qn
(pn/qn) → πb
⎫⎬
⎭ (8)
of all real numbers that are 2t-approximable (t  1) by rationals which satisfy the Besicovitch
condition associated with a given probability vector π = (π0, . . . , πc−1) ∈ (0,1)c . Indeed, let
I = I∗1,rat (see Section 3) and let x(p,q) = p/q and r(p,q) = 1/q2 for every (p, q) ∈ I . Then (i)
holds for m = μπ since μπ(Q) = 0. In addition, Uπ,t ⊇ EDevt because each injective sequence
(pn, qn)n∈N in IDevπ enjoys σb,	2 logc qn
(pn/qn) → πb for all b ∈ {0, . . . , c − 1}. Thus Proposi-
tion 8 implies the following result.
Corollary 9. For any t  1 and any probability vector π = (π0, . . . , πc−1) ∈ (0,1)c (c  2), the
set Uπ,t defined by (8) contains a set of the class Ghα/t,3fη (R) where α = −∑c−1b=0 πb logc πb and
fη(r) = (−log r)η−1/8 for each η ∈ (0,1/8).
Examining the proof of Proposition 8, one easily checks that the statement of Corollary 9
remains valid if the Besicovitch condition bears on the approximated reals rather than on the
rational approximates, that is, if Uπ,t is replaced by
U ′π,t =
⎧⎨
⎩x ∈ R
∣∣∣ ∃(pn/qn)n∈N irreducible | qn → ∞∀n |x − pn/qn| qn−2t
∀b σ (x) → π
⎫⎬
⎭ .b,	2 logc qn
 b
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of Theorem 1.2 in [2].
Let us now investigate the large intersection properties of the set of all reals that are 2t-
approximable by irreducible rationals pn/qn, n ∈ N, such that the frequencies
σ¯b
(
(pn, qn)n∈N
)= lim
n→∞σb,	2 logc qn

(
pn
qn
)
,
for b ∈ {0, . . . , c − 1}, satisfy some relations similar to those introduced in [4]. To fix ideas,
let c = 3 and let Vt be the set of all reals x such that |x − pn/qn|  qn−2t for some sequence
(pn/qn)n∈N of irreducible fractions with
σ¯0
(
(pn, qn)n∈N
)
> 0 and σ¯1
(
(pn, qn)n∈N
)= 2σ¯2((pn, qn)n∈N)> 0.
It is straightforward to establish that Vt ⊇ U(1−3σ,2σ,σ ),t for all σ ∈ (0,1/3). Let α(σ) =
−(1 − 3σ) log3(1 − 3σ) − 2σ log3(2σ) − σ log3 σ . Corollary 9 ensures that Vt contains a set
of the class Ghα(σ)/t,3fη (R) for all η ∈ (0,1/8). In particular, it contains a set of Ghα(σ)/t,3fη (R)
where σ is chosen to maximize α (to be specific, σ = (24/3 + 9 − 3 · 22/3)/31).
4.2. Gibbs measures
We begin by giving a brief account of Gibbs measures. Given an integer c  2, let σ(x) =
cx mod Zd for each x ∈ [0,1)d . Let f be a Zd -periodic Hölder continuous function. The Birkhoff
sums associated with f are defined by Sfj =
∑j−1
k=0 f ◦ σk for all j ∈ N. In addition, let Dfj =
exp ◦ Sfj and
μ
f
j (dx) =
1[0,1)d (x)D
f
j (x)dx∫
[0,1)d D
f
j (y)dy
.
The iterates of the Ruelle operator can be computed explicitly in terms of (μfj )j∈N and the
Ruelle–Perron–Frobenius theorem shows that this sequence converges weakly to a Borel proba-
bility measure μf with support [0,1]d , see [24]. Moreover, μf is ergodic and is a Gibbs measure,
i.e. there is a positive real C such that
1
C

μf (λ
c
j (x))
e−jPf (1)Dfj (x)
 C (9)
for all j ∈ N and all x ∈ [0,1)d , where Pf denotes the pressure function associated with f , that
is,
Pf :q → d log c + lim
j→∞
1
j
log
∫
d
D
qf
j (x)dx.[0,1)
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expressed in terms of Pf thanks to (9). Specifically,
∀q ∈ R τμf (q) = − lim
j→∞
1
j
logc
∑
λ⊆[0,1)
〈λ〉c=j
(
μf (λ)
)q = 1
log c
(
qPf (1)− Pf (q)
)
where the sum is over all c-adic subcubes of [0,1)d with generation j . Given q ∈ R, let α =
τ ′μf (q) and β = qτ ′μf (q)− τμf (q). Then β is the Hausdorff dimension of the set Vα of all points
x ∈ [0,1)d such that − 1
j
logc μf (λcj (x)) → α.
Let us investigate the large intersection properties of the corresponding sets E˜t and Et which
are defined in Section 3. Let I be a denumerable set and let (xi, ri)i∈I ∈ S0d (I ). Assume that for
each x ∈ [0,1]d there are infinitely many i ∈ I such that ‖x − xi‖ ri/2. As a result, (i) holds
for all m ∈ M. Let us show that (ii)–(iv) hold for m = μqf and μ = μf . The law of the iterated
logarithm implies that for some κ ′ > 0 and m-almost every x ∈ [0,1]d , there is an integer j (x)
such that, for every integer j  j (x),
∣∣∣∣1j Sqfj (x)− qP ′f (q)
∣∣∣∣ κ ′ς(c−j )
where ς is given by (6), see [9]. Then, as f is Hölder continuous, for some κ  κ ′ and m-almost
every x ∈ [0,1]d , there is an integer j (x) such that
sup
z∈3λcj (x)
∣∣∣∣1j Sqfj (z)− qP ′f (q)
∣∣∣∣ κς(c−j )
for every integer j  j (x). Using (9) with the measure m, we obtain (ii) for ϕ = 2κς/ log c.
Likewise, making use of (9) with the measure μ, we get (iii) for ψ = 2κς/(|q| log c) provided
that q = 0. Furthermore, some routine calculations show that (iv) holds. Hence, (xi, ri)i∈I is a
heterogeneous ubiquitous system with respect to (μ,α,β,ϕ) if q = 0. Theorem 6 thus ensures
that E˜t ∈ G
h β
t ,
6κ
log c ς ((0,1)d) and Et ∈ G
h β
t ,
6κ
log c ς (Rd) for all t ∈ [1,∞) and some M ∈ [1,∞).
The previous results can be expressed in terms of the Birkhoff sums Sfj . Specifically, let IBirf,q
denote the set of all i ∈ I such that∣∣∣∣ 1	−logc ri
Sf	−logc ri
(xi)− P ′f (q)
∣∣∣∣ 2 κ|q|ς(ri).
Note that IBirf,0 = I . The following proposition is established in Section 6.
Proposition 10. Let f be a Zd -periodic Hölder continuous function, let I be a denumerable set
and let (xi, ri)i∈I ∈ S0d (I ). Assume that each x ∈ [0,1]d enjoys ‖x − xi‖  ri/2 for infinitely
many i ∈ I . Then, for all q ∈ R and all t ∈ [1,∞),
E˜Birt =
{
x ∈ [0,1]d ∣∣ ‖x − xi‖ < ri t for infinitely many i ∈ IBir}f,q
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h β
t ,
6κ
log c ς ((0,1)d) and EBirt = Zd + E˜Birt belongs to G
h β
t ,
6κ
log c ς (Rd), where β =
qτ ′μf (q)− τμf (q) and ς is given by (6).
A typical application of Proposition 10 is the fact that the set of all real numbers that are
2t-approximable by rationals pn/qn, n ∈ N, such that
lim
n→∞
1
	2 logc qn

S
f
	2 logc qn

(
pn
qn
)
= P ′f (q)
contains a set of the class G
h β
t ,
6κ
log c ς (R).
5. Proof of Proposition 4
We use some ideas of the proof of the implication (b) ⇒ (c) of Theorem B in [13], but the
situation is a little more complex here because the gauge functions we consider are more general
than those of [13]. Let β ∈ (0, d] and ϕ ∈ Φ . It is straightforward to check that for some η ∈
(0, εhβ,ϕ ],
∀r1, r2 ∈ (0, η) r1  r2 ⇒ lim sup
κ→0
hβ,ϕ(κr1)
hβ,ϕ(κr2)
 hβ,ϕ(r1)
hβ,ϕ(r2)
. (10)
We now let F be a Gδ-set such that (1) holds for every sequence (fn)n∈N of similarities in Dc
and show that F ∈ Ghβ,ϕ (Rd). By Lemma 10 in [11], it suffices to prove that Mhβ,ϕ∞ (F ∩ λ) =
Mhβ,ϕ∞ (λ) for each c-adic cube λ of diameter less than η. Let us assume that there is a c-adic cube
λ of diameter less than η and a real number α ∈ (0,1) with Mhβ,ϕ∞ (F ∩ λ) < αMhβ,ϕ∞ (λ). For
G ⊆ Rd , let Rλc (G) be the set of all sequences (λp)p∈N in Λc ∪{∅} such that G∩λ ⊆
⊔
p λp ⊆ λ
(i.e. the sets λp , p ∈ N, are disjoint, included in λ and cover G). Thanks to Lemmas 8 and 9
in [11], for some (λp)p∈N ∈ Rλc (F ), we have
∞∑
p=1
hβ,ϕ
(|λp|) αhβ,ϕ(|λ|) (11)
and λp ⊆ λ for all p. Let P be the set of all p ∈ N such that λp = ∅ and, for each p ∈ P , let fp
be the central dilation that maps λ to λp . Furthermore, let fp1,...,ps = fp1 ◦ · · · ◦fps for s ∈ N and
(p1, . . . , ps) ∈ P s . This is a central dilation which maps λ to one of its proper c-adic subcubes.
In addition, let fp1,...,ps denote the identity function if s = 0.
Let γ be a positive real number such that (1+γ )α < 1. Owing to (10), for some κ¯ ∈ (0, εhβ,ϕ )
and every κ ∈ (0, κ¯), we have
∀r1, r2 ∈ (0, η) r1  r2 ⇒ hβ,ϕ(κr1)
hβ,ϕ(κr2)
 (1 + γ )hβ,ϕ(r1)
hβ,ϕ(r2)
. (12)
By Theorem 4 in [25], we build a finite outer measure on λ by setting
∀G ⊆ λ mκ(G) = inf
(νp)p∈N
∞∑
hβ,ϕ
(|νp|)
p=1
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and |νp| < κ|λ| for all p. Let (νp)p∈N be such a sequence for G = fp2,...,ps (F ∩ λ). Then the
sets fp1(νp) ⊆ λ, p ∈ N, belong to Λc ∪ {∅}, are of diameter |νp| · |λp1 |/|λ| < κ|λ| and cover
fp1,...,ps (F ∩ λ). Thus
mκ
(
fp1,...,ps (F ∩ λ)
)

∞∑
p=1
hβ,ϕ
( |νp|
|λ| |λp1 |
)
 (1 + γ )
∞∑
p=1
hβ,ϕ(|λp1 |)
hβ,ϕ(|λ|) hβ,ϕ
(|νp|)
owing to (12) together with |νp|/|λ| < κ < κ¯ and |λp1 | < |λ| < η. Taking the infimum over all
sequences (νp)p∈N in the right-hand side, we get
mκ
(
fp1,...,ps (F ∩ λ)
)
 (1 + γ )hβ,ϕ(|λp1 |)
hβ,ϕ(|λ|) mκ
(
fp2,...,ps (F ∩ λ)
)
.
The procedure is iterated so as to obtain
mκ
(
fp1,...,ps (F ∩ λ)
)
mκ(F ∩ λ)
(
1 + γ
hβ,ϕ(|λ|)
)s s∏
s′=1
hβ,ϕ
(|λps′ |).
Hence, summing over all s-tuples (p1, . . . , ps) ∈ P s and using (11), we have
∑
(p1,...,ps )∈P s
mκ
(
fp1,...,ps (F ∩ λ)
)

(
1 + γ
hβ,ϕ(|λ|)
∞∑
p=1
hβ,ϕ
(|λp|)
)s
mκ(F ∩ λ)

(
(1 + γ )α)smκ(λ).
In addition, let x ∈ λ∩fp1,...,pq (F ) for every integer q  0 and every q-tuple (p1, . . . , pq) ∈ Pq .
It is straightforward to show by induction on s  0 that x ∈ fp1,...,ps (F ∩ λ) for some s-tuple
(p1, . . . , ps) ∈ P s . As a result,
λ∩
∞⋂
q=0
⋂
(p1,...,pq )∈Pq
fp1,...,pq (F ) ⊆
⋃
(p1,...,ps )∈P s
fp1,...,ps (F ∩ λ)
so that
mκ
(
λ∩
∞⋂
q=0
⋂
(p1,...,pq )∈Pq
fp1,...,pq (F )
)

(
(1 + γ )α)smκ(λ).
Let Hhβ,ϕκ|λ| denote the Hausdorff pre-measure associated with hβ,ϕ and defined in terms of cov-
erings by sets of diameter less than κ|λ|. Note that mκ(G)Hhβ,ϕκ|λ| (G) for every G ⊆ λ. Thus,
letting s → ∞ and κ → 0, we obtain
Hhβ,ϕ
(
λ∩
∞⋂
q=0
⋂
(p ,...,p )∈Pq
fp1,...,pq (F )
)
= 0.1 q
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denote the translation that maps λ to νn. For each n0 ∈ N, we have
νn0 ∩
∞⋂
n=1
∞⋂
q=0
⋂
(p1,...,pq )∈Pq
tn ◦ fp1,...,pq (F ) ⊆ tn0
(
λ∩
∞⋂
q=0
⋂
(p1,...,pq )∈Pq
fp1,...,pq (F )
)
so that the left-hand side has zero Hausdorff hβ,ϕ-measure. Since the cubes νn0 , n0 ∈ N, form a
partition of Rd , we end up with
Hhβ,ϕ
( ∞⋂
n=1
∞⋂
q=0
⋂
(p1,...,pq )∈Pq
tn ◦ fp1,...,pq (F )
)
= 0
which contradicts (1) because tn◦fp1,...,pq ∈ Dc for every (p1, . . . , pq) ∈ Pq , every integer q  0
and every n ∈ N. Proposition 4 is proven.
6. Proof of Theorem 6
In this section, Rd is endowed with the supremum norm. Let I be a denumerable set and
let (xi, ri)i∈I ∈ S0d (I ) be a heterogeneous ubiquitous system with respect to some (μ,α,β,ϕ) ∈
M × (0,∞) × (0, d] × Φ . Thus there are an integer c  2, a function ψ ∈ Ψ and a measure
m ∈M such that (i)–(iv) hold, see Section 3.
6.1. Preliminaries
We begin by introducing some extra notations and establishing a series of technical lemmas
which are called upon at various points in the proof of Theorem 6. For every Borel subset B
of Rd , let
m¯(B) =
∑
p∈Zd
m
(
(p +B)∩ [0,1)d).
Then m¯ is a σ -finite Borel measure on Rd . Owing to (i), the Borel set
X = Zd + {x ∈ [0,1]d ∣∣ ‖x − xi‖ ri/2 for infinitely many i ∈ I}
= {x ∈ Rd ∣∣ ‖x − p − xi‖ ri/2 for infinitely many (i,p) ∈ I ×Zd}
has full m¯-measure in Rd . Moreover, (ii) implies that for some Borel set S ⊆ [0,1)d of full
m-measure in [0,1)d and every x ∈ S, there is an integer j (x) ∈ N such that for every integer
j  j (x) and every k ∈ {0, . . . , cj − 1}d ,
λcj,k ⊆ 3λcj (x) ⇒ m
(
λcj,k
)
 hβ,ϕ
(∣∣λcj,k∣∣).
Likewise, (iii) shows that for some Borel set Σ of full m¯-measure in Rd and every x ∈ Σ , there
exists an integer j (x) ∈ N such that for every integer j  j (x) and every k ∈ {0, . . . , cj − 1}d ,
λc ⊆ 3λc (x mod Zd) ⇒ ∣∣λc ∣∣α+ψ(|λcj,k |)  μ(λc ) ∣∣λc ∣∣α−ψ(|λcj,k |)j,k j j,k j,k j,k
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of x modulo one.
Lemma 11. For every f ∈ Dc, the set f (X)∩ S ∩ f (Σ) has full m-measure in [0,1)d .
Proof. First recall that m([0,1)d\S) = 0. Moreover, there are λ,λ′ ∈ Λc with 0 < 〈λ〉c  〈λ′〉c
such that the dilation f maps λ to λ′. In particular, the generation of λ′ is positive, so that
m
([0,1)d\f (X))= ∑
ν⊆[0,1)d
〈ν〉c=〈λ′〉c
m
(
ν\f (X)).
Let ν be a c-adic subcube of [0,1)d enjoying 〈ν〉c = 〈λ′〉c. Then f−1(ν) is a c-adic cube with
generation equal to that of λ and so is the Borel subset tν(f−1(ν)) of [0,1)d , where tν is the trans-
lation which maps ωf−1(ν)(f−1(ν)) to ων(ν) = [0,1)d . Furthermore, f = ων−1 ◦ωtν(f−1(ν)) ◦ tν
so that
m
(
ν\f (X))= m|ν(ν\ων−1 ◦ωtν(f−1(ν)) ◦ tν(X))
= m|ν ◦ων−1
([0,1)d\ωtν(f−1(ν)) ◦ tν(X)).
As a result, m(ν\f (X)) = 0 if and only if m([0,1)d\ωtν(f−1(ν)) ◦ tν(X)) = 0, on account of (iv).
Meanwhile,
m
([0,1)d\ωtν(f−1(ν)) ◦ tν(X))= mtν(f−1(ν))(tν(f−1(ν)\X)).
Hence m([0,1)d\ωtν(f−1(ν)) ◦ tν(X)) = 0 if and only if m(tν(f−1(ν)\X)) = 0, owing to (iv)
again. In addition, observe that
m
(
tν
(
f−1(ν)\X))= m¯(f−1(ν)\X) m¯(Rd\X)= 0
so that m(ν\f (X)) = 0 for every c-adic subcube ν of [0,1)d with generation equal to that of λ′.
It follows that m([0,1)d\f (X)) = 0. Likewise, m([0,1)d\f (Σ)) = 0. 
Let M ∈ (0,∞) and t ∈ [1,∞). The following lemma shows that the set Et given by (4)
satisfies the same large intersection properties as
Ewt = Zd +
{
x ∈ [0,1]d ∣∣ ‖x − xi‖ < ri t for infinitely many i ∈ Iμ,α,wM,ψ }
= {x ∈ Rd ∣∣ ‖x − p − xi‖ < ri t for infinitely many (i,p) ∈ Iμ,α,wM,ψ ×Zd} (13)
where Iμ,α,wM,ψ denotes the set of all i ∈ I such that
M−1(2ri)α+ψ(2ri )  μ|[0,1)d
(
B(+ xi, ri)
)
 μ|[0,1)d
(
B¯(+ xi, ri)
)
M(2ri)α−ψ(2ri ) (14)
for some  ∈ {−1,0,1}d , so it suffices to prove Theorem 6 with Ew instead of Et .t
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to Gh(Rd). Then Et belongs to Gh(Rd) as well.
Proof. First note that Ewt and Et are Gδ-sets. Moreover, the open set
F = Zd + (0,1)d =
⊔
q∈Zd
(
q + (0,1)d) (15)
has full Lebesgue measure in Rd . Thus Proposition 11 and Theorem 1 in [11] ensure that
Ewt ∩F ∈ Gh(Rd). Thanks to Proposition 1 in [11], it suffices to show that Et ⊇ Ewt ∩F . Let x ∈
Ewt ∩F . There is an injective sequence (in,pn)n∈N in Iμ,α,wM,ψ ×Zd such that ‖x−pn−xin‖ < rin t
for all n ∈ N. Let us write x = q + x˙ where q ∈ Zd and x˙ ∈ (0,1)d . We have B(x˙,2δ) ⊆ (0,1)d
for some δ ∈ (0,∞) and rin t < δ for n large enough. For all such n,
pn + xin ∈ B
(
x, rin
t
)⊆ q +B(x˙, δ) ⊆ q + (0,1)d .
As a consequence, pn = q and xin ∈ B(x˙, δ). Thus B¯(xin , rin) ⊆ B(x˙,2δ) ⊆ (0,1)d . Further-
more, (14) holds for some  ∈ {−1,0,1}d , since in ∈ Iμ,α,wM,ψ . We necessarily have μ(B( +
xin, rin)) > 0 so that  = (0, . . . ,0) and (2) holds. It follows that in ∈ Iμ,αM,ψ . As a result,
x ∈ Et . 
In the sequel, M = max(3dcα,3dcd,21+3αcα) and |f | denotes the ratio of any dilation
f ∈ Dc. Note that |f | 1.
Lemma 13. Let f ∈ Dc and z ∈ (0,1)d ∩ f (X)∩ S ∩ f (Σ). Then for some infinite subset If (z)
of Iμ,α,wM,ψ and every i ∈ If (z) the following properties hold:
• ‖f−1(z)− p − xi‖ ri/2 for some p ∈ Zd ,
• B¯(z,2|f |ri) ⊆ (0,1)d and m(B¯(z,2|f |ri))Mhβ,ϕ(4|f |ri).
Proof. Let x = f−1(z) and x˙ = x mod Zd . As hβ,ϕ ∈ Dd and ψ ∈ Ψ and by definition of S
and Σ , there is an integer j0 ∈ N such that the function r → hβ,ϕ(r)/rd is nonincreasing on
(0, c−j0), the function r → r−ψ(r) is nonincreasing on (0,8c−j0+1], the inequality (8cr)ψ(8cr) 
2rψ(r) holds for all r ∈ (0, c−j0 ] and for every integer j  j0 and every k ∈ {0, . . . , cj − 1}d ,⎧⎨
⎩
λcj,k ⊆ 3λcj (z) ⇒ m
(
λcj,k
)
 hβ,ϕ
(∣∣λcj,k∣∣),
λcj,k ⊆ 3λcj (x˙) ⇒
∣∣λcj,k∣∣α+ψ(|λcj,k |)  μ(λcj,k) ∣∣λcj,k∣∣α−ψ(|λcj,k |).
Furthermore, by definition of X, for some infinite subset I ′ of I and every i ∈ I ′, we have
x ∈ B¯(p + xi, ri/2) for some p ∈ Zd . In addition, since z ∈ (0,1)d , we have 4ri  c−j0 and
B¯(z,2|f |ri) ⊆ (0,1)d for each i in some infinite subset If (z) of I ′.
Let i ∈ If (z) and let j1 be the largest integer such that 4|f |ri  c−j1 . Note that j1  j0.
Thus m(λcj1,k)  hβ,ϕ(|λcj1,k|) for each k ∈ {0, . . . , cj1 − 1}d with λcj1,k ⊆ 3λcj1(z). This results
in m(B¯(z,2|f |ri))  3dhβ,ϕ(c−j1) Mhβ,ϕ(4|f |ri) because B¯(z,2|f |ri) ⊆ 3λcj1(z) and r →
r−dhβ,ϕ(r) is nonincreasing on (0, c−j0).
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that c−j2  ri/4 and j3 the largest integer such that 2ri  c−j3 . We have j2  j3  j0, so that
μ(λcj2
(x˙)) (c−j2)α+ψ(c−j2 ) and μ(λcj3,k) (c
−j3)α−ψ(c−j3 ) for each k ∈ {0, . . . , cj3 − 1}d with
λcj3,k
⊆ 3λcj3(x˙). Since i ∈ If (z) ⊆ I ′, we have x ∈ B¯(p + xi, ri/2) for some p ∈ Zd . Thus
x˙ = x − p +  ∈ B¯( + xi, ri/2) for some  ∈ {−1,0,1}d . As a result, λcj2(x˙) ⊆ B( + xi, ri) ⊆
B¯(+ xi, ri) ⊆ 3λcj3(x˙) so that
(
c−j2
)α+ψ(c−j2 )  μ|[0,1)d (B(+ xi, ri))
 μ|[0,1)d
(
B¯(+ xi, ri)
)
 3d
(
c−j3
)α−ψ(c−j3 )
.
Recall that the function r → r−ψ(r) is nonincreasing on (0,8c−j0+1] and that the inequal-
ity (8cr)ψ(8cr)  2rψ(r) holds for all r ∈ (0, c−j0]. Therefore the right-hand side is at most
M(2ri)α−ψ(2ri ) and the left-hand side is at least (2ri)α+ψ(2ri )/M . We end up with (14), so that
i ∈ Iμ,α,wM,ψ . 
6.2. Proof of Theorem 6
By Lemma 12, it suffices to establish that the set Ewt given by (13) belongs to Ghβ,ϕ (Rd) if
t = 1 and to Ghβ/t,2ϕ+φ (Rd) for all φ ∈ Φ if t > 1. Furthermore, Proposition 4 ensures that it is
enough to show that
Hhβ,ϕ
( ∞⋂
n=1
fn
(
Ew1
))
> 0 and Hhβ/t,2ϕ+φ
( ∞⋂
n=1
fn
(
Ewt
))
> 0 (16)
for every sequence (fn)n∈N of similarities in Dc.
Assume that t = 1. By Lemmas 11 and 13, the set (0,1)d ∩ fn(X) ∩ S ∩ fn(Σ) has full
m-measure in (0,1)d and is included in fn(Ew1 ), for all n ∈ N. Thus
A = (0,1)d ∩ S ∩
∞⋂
n=1
(
fn(X)∩ fn(Σ)
)
has full m-measure in (0,1)d and is included in
⋂
n fn(E
w
1 ). Furthermore, imitating the part of
the proof of Lemma 13 which deals with m, one easily shows that
sup
x∈A
lim sup
r→0
m(B(x, r))
hβ,ϕ(2r)
< ∞.
Then Lemma 14 below implies that Hhβ,ϕ (A) > 0. Hence (16) holds for t = 1.
Lemma 14. Let F be a Borel subset of Rd and let π be a finite Borel measure on Rd with
π(F) > 0. Then Hh(F ) > 0 for any h ∈Dd such that
sup
x∈F
lim sup
r→0
π(B(x, r))
h(2r)
< ∞.
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From now on, we suppose that t > 1. Let φ ∈ Φ . With a view to applying Lemma 14 in
order to establish (16), we shall build a generalized Cantor set K along with a Borel probability
measure π supported on K such that
K ⊆
∞⋂
n=1
fn
(
Ewt
)
and ∃C ∈ (0,∞) ∀B π(B) Chβ/t,2ϕ+φ
(|B|) (17)
where B denotes an open ball of small radius. To this end, we need to introduce some additional
notations. Recall that the set S has full m-measure in (0,1)d . Meanwhile, S =⋃j0 ↑ Sλj0 where
λ = [0,1)d and
Sλj0 =
{
x ∈ intλ
∣∣∣ ∀j  〈λ〉c + j0 ∀k ∈ {0, . . . , cj − 1}d
λcj,k ⊆ 3λcj (x)∩ λ ⇒ mλ
(
λcj,k
)
 hβ,ϕ
( |λcj,k|
|λ|
)}
.
Together with the fact that ϕ ∈ Φ , this implies that r → r−ϕ(r) is nonincreasing on (0, c−j0+1]
and m(S[0,1)
d
j0
)  |m|/2 for some j0 ∈ N, where |m| = m((0,1)d). Observe that |mλ| =
mλ(intλ) = |m| and mλ(Sλj0)  |mλ|/2 = |m|/2 for every c-adic subcube λ of [0,1)d . Further-
more, since φ/(1 + d) ∈ Φ , there is an integer j1  j0 such that the function r → r−φ(r)/(1+d)
is nonincreasing and greater than cj0 on (0, c−j1 ] and such that the function hβ/t,2ϕ+φ/(1+d) in-
creases in the same interval. In addition, let (nq)q∈N = (0,0,1,0,1,2,0,1,2,3,0,1,2,3,4, . . .).
The construction of the generalized Cantor set K calls upon the following covering theorem
of Besicovitch, see [23, Theorem 2.7].
Theorem 15 (Besicovitch). Let A be a bounded subset of Rd and let B be a family of closed balls
such that each point in A is the center of some ball of B. Then, there are families B1, . . . ,BQ(d) ⊂
B such that:
• for every  ∈ {1, . . . ,Q(d)}, the balls of B are disjoint;
• the balls of B,  ∈ {1, . . . ,Q(d)}, cover A.
Here, Q(d) denotes a positive integer which depends on d only.
Let us now detail the construction of K and π . Let G0 = {[0,1)d} and π([0,1]d) = 1.
Step 1. As φ/(1 + d) ∈ Φ , for some integer j max(j0 + 5, j1, (logc 2)/(t − 1)),
∀r ∈ (0, c−j ] r−φ(r)/(1+d) Mκβ/t 4Q(d) (18)|m|
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d
j0
∩ fn1(Σ) has full
m-measure in S[0,1)
d
j0
and, by Lemma 13, for each point z ∈ E[0,1)d , there exists iz ∈ Ifn1 (z) ⊆
I
μ,α,w
M,ψ such that 2riz  c−j and:
• ∃pz ∈ Zd ‖fn1−1(z)− pz − xiz‖ riz/2,
• Bz = B¯(z,2|fn1 |riz ) ⊆ (0,1)d and m(Bz)Mhβ,ϕ(|Bz|).
In addition, let Fz be the open ball with center fn1(pz + xiz ) and radius (|fn1 |riz )t . Observe that
Fz ⊆ Bz ∩ fn1(B(pz + xiz , riz t )). Applying Besicovitch’s covering theorem, we obtain families
B1, . . . ,BQ(d) of points in E[0,1)d such that the balls Bz, for z ∈ B and  ∈ {1, . . . ,Q(d)}, cover
E[0,1)d and such that the balls Bz, z ∈ B, are disjoint for any  ∈ {1, . . . ,Q(d)}. Thus
|m|
2
m
(
E[0,1)d
)

Q(d)∑
i=1
m
( ⊔
z∈B
Bz
)
so that m(
⊔
z∈B Bz)  |m|/(2Q(d)) for some  ∈ {1, . . . ,Q(d)}. Hence, for some finite set
Z [0,1)d ⊆ B,
m
( ⊔
z∈Z [0,1)d
Bz
)
 |m|
4Q(d)
. (19)
For every z ∈ Z [0,1)d , let λz denote a c-adic cube of smallest generation whose closure is in-
cluded in Fz. One easily checks that |λz| |Fz| 12c2|λz|. Therefore, |λz|/κ  |Bz|t  κ|λz|.
Moreover, for all distinct z, z′ ∈Z [0,1)d , we have
d(λz, λz′ )
1
4
max
(|Bz|, |Bz′ |). (20)
This follows from the fact that the balls Bz and Bz′ are distinct and of radius at most c−j with
j  (logc 2)/(t − 1).
Let G1 = {λz, z ∈ Z [0,1)d }. Every cube λ = λz ∈ G1 is associated with the ball λ˜ = Bz. Ac-
cording to what precedes, we have
1
κ
|λ| |λ˜|t  κ|λ| and d(λ,λ′) 1
4
max
(|λ˜|, |λ˜′|) (21)
for all distinct λ,λ′ ∈ G1. The closed cubes λ, for λ ∈ G1, form the first level of the generalized
Cantor set K . Furthermore, let
∀λ ∈ G1 π(λ) = m(λ˜)∑
′ m(λ˜′)
.λ ∈G1
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because of (21) and the fact that r → r−ϕ(r) is nonincreasing on (0, c−j ]. Together with (19)
and (18), this yields
∀λ ∈ G1 π(λ)Mκβ/t 4Q(d)|m| hβ/t,ϕ
(|λ|) hβ/t,ϕ+φ/(1+d)(|λ|).
Step 2. As φ/(1 + d) ∈ Φ , there is an integer j  〈λ〉c + j0 + 5 such that
∀r ∈ (0, c−j ] r−φ(r)/(1+d)  max
λ∈G1
(
Mκβ/t
4Q(d)
|m| |λ|
−βhβ/t,ϕ+φ/(1+d)
(|λ|)). (22)
Let λ ∈ G1. Since fn2 ∈ Dc and m|λ and mλ are absolutely continuous with respect to one
another, Lemma 11 ensures that Eλ = fn2(X)∩ Sλj0 ∩ fn2(Σ) has full mλ-measure in Sλj0 . Hence
mλ(Eλ) |mλ|/2. Adapting the proof of Lemma 13, it is straightforward to show that for every
z ∈ Eλ, the following properties hold:
• ∃pz ∈ Zd ‖fn2−1(z)− pz − xiz‖ riz/2,
• Bz = B¯(z,2|fn2 |riz ) ⊆ intλ and mλ(Bz)Mhβ,ϕ(|Bz|/|λ|)
for some iz ∈ Iμ,α,wM,ψ with 2riz  c−j . Let Fz = B(fn2(pz + xiz ), (|fn2 |riz )t ) and note that
Fz ⊆ Bz ∩ fn2(B(pz + xiz , riz t )). Applying Besicovitch’s covering theorem, we obtain a finite
set Zλ ⊆ Eλ such that
mλ
( ⊔
z∈Zλ
Bz
)
 |m
λ|
4Q(d)
. (23)
For any z ∈ Zλ, let λz denote a c-adic cube of smallest generation whose closure is included
in Fz. We have |λz|/κ  |Bz|t  κ|λz| and (20) holds for any z′ ∈Zλ\{z}.
Let Gλ2 = {λz, z ∈ Zλ}. Each cube ν = λz ∈ Gλ2 is associated with the ball ν˜ = Bz. We have
ν ⊆ ν˜ ⊆ intλ along with
1
κ
|ν| |ν˜|t  κ|ν| and d(ν, ν′) 1
4
max
(|ν˜|, |ν˜′|)
for all distinct ν, ν′ ∈ Gλ2 . Let G2 =
⋃
λ∈G1 G
λ
2 . The closed cubes ν, for ν ∈ G2, form the second
level of the generalized Cantor set K . Furthermore, let
∀λ ∈ G1 ∀ν ∈ Gλ2 π(ν) =
mλ(ν˜)∑
ν′∈Gλ
mλ(ν˜′)
π(λ).2
390 A. Durand / Advances in Mathematics 218 (2008) 368–394Let λ ∈ G1 and let ν ∈ Gλ2 . We have mλ(ν˜) Mhβ,ϕ(|ν˜|/|λ|). Hence mλ(ν˜) Mκβ/t |λ|−β ×
hβ/t,ϕ(|ν|) because |ν˜|/|λ| |ν˜| |ν| and r → r−ϕ(r) is nonincreasing on (0, c−j /|λ|]. Together
with (23), (22) and the bound on π(λ) obtained at the previous step, this results in
π(ν)Mκβ/t 4Q(d)|m| |λ|
−βhβ/t,ϕ+φ/(1+d)
(|λ|)hβ/t,ϕ(|ν|) hβ/t,ϕ+φ/(1+d)(|ν|).
Summing-up of the construction
Iterating this procedure, we construct recursively a sequence (Gq)q0 of collections of c-adic
cubes which enjoy the following properties.
(A) We have G0 = {[0,1)d} and π([0,1]d) = 1. In addition, [0,1)d contains a finite number of
sets of G1.
(B) For every q ∈ N, each cube ν ∈ Gq contains a finite number of sets of Gq+1. Moreover,
there are a closed ball ν˜ and a unique cube λ ∈ Gq−1 such that ν ⊆ ν˜ ⊆ intλ and 〈ν〉c 
〈λ〉c + j0 + 5. We have |ν|/κ  |ν˜|t  κ|ν|. The center of ν˜ belongs to Sλj0 . The balls ν˜, for
ν ∈ Gq , are disjoint and d(ν, ν′)max(|ν˜|, |ν˜′|)/4 for all distinct ν, ν′ ∈ Gq .
(C) For every q ∈ N, the generation of each cube λ ∈ Gq is at least j1.
(D) For every q ∈ N and every cube ν ∈ Gq that is included in λ ∈ Gq−1, there are i ∈ Iμ,α,wM,ψ
with |ν| 2ri < |λ| and p ∈ Zd such that ν ⊆ fnq (B(p + xi, ri t )).
(E) For every q ∈ N and every cube ν ∈ Gq that is included in λ ∈ Gq−1,⎧⎪⎪⎪⎨
⎪⎪⎪⎩
π(ν) = m
λ(ν˜)∑
ν′∈Gq
ν′⊆λ
mλ(ν˜′)
π(λ) 4Q(d)|m| m
λ(ν˜)π(λ)
π(ν) hβ/t,ϕ+φ/(1+d)
(|ν|).
Thus K =⋂∞q=0 ↓⋃λ∈Gq λ is a generalized Cantor set included in⋂n fn(Ewt ) (because nq = n
for infinitely many integers q) and π can be extended to a Borel probability measure supported
on K , thanks to Proposition 1.7 in [14].
Scaling properties of π
Let B be an open ball with diameter less than the smallest distance between distinct cubes
of G1. In addition, suppose that |B| is small enough to ensure that hβ/t,2ϕ+φ/(1+d) ∈ Dd increases
in [0, |B|) and that r−ϕ(r)  1 for all r ∈ (0, |B|]. We can assume that B intersects K and that
B intersects the closure of at least two cubes of Gq+1 for some q  0. Otherwise, π(B) would
vanish owing to (E). Let λ ∈ Gq (q  0) be the cube of largest diameter such that B intersects
the closure of at least two cubes of Gq+1 that are included in λ. Observe that B does not intersect
the closure of any other cube of Gq , so that π(B) π(λ). Moreover, λ cannot belong to G0.
First, assume that |B| |λ|. As hβ/t,ϕ+φ/(1+d) increases in [0, |B|), we have
π(B) π(λ) hβ/t,ϕ+φ/(1+d)
(|λ|) hβ/t,ϕ+φ/(1+d)(|B|)
on account of (E). Since |B|−ϕ(|B|)  1, this yields
π(B) hβ/t,2ϕ+φ/(1+d)
(|B|). (24)
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closure intersects B . Thanks to (E), we have
π(B) =
p∑
p′=1
π(B ∩ νp′ ) 4Q(d)|m| π(λ)
p∑
p′=1
mλ(ν˜p′).
Let j be the largest integer such that |B| c−j+1. Because of (B), we have |ν˜p′ | c−j+3 for all
p′ ∈ {1, . . . , p} and d(z, νp′) c−j+4 for all p′ ∈ {2, . . . , p}, where z denotes the center of ν˜1.
Thus
p⊔
p′=1
ν˜p′ ⊆ B¯
(
z, c−j+3 + c−j+4)⊆ 3λcj−6(z)∩ λ.
Recall that j − 6  〈λ〉c + j0 and that z ∈ Sλj0 , by virtue of (B). Hence mλ(λcj−6,k) 
hβ,ϕ(|λcj−6,k|/|λ|) for each k ∈ {0, . . . , cj−6 − 1}d with λcj−6,k ⊆ 3λcj−6(z) ∩ λ. Along with the
fact that c−j < |B|, this results in
p∑
p′=1
mλ(ν˜p′) = mλ
(
p⊔
p′=1
ν˜p′
)
 3dhβ,ϕ
(
c−j+6
|λ|
)
 3dc6β
( |B|
|λ|
)β(
c−j+6
|λ|
)−ϕ( c−j+6|λ| )
.
Meanwhile, |B| c−j+6/|λ| c−j0+1 and r → r−ϕ(r) is nonincreasing on (0, c−j0+1], so that
the last factor is at most |B|−ϕ(|B|). As a consequence,
π(B) 4Q(d)|m| 3
dc6β
( |B|
|λ|
)β
|B|−ϕ(|B|)hβ/t,ϕ+φ/(1+d)
(|λ|).
The function r → r−ϕ(r)−φ(r)/(1+d) is nonincreasing on (0, c−j1 ] and, by (C), we have |B| 
|λ| c−j1 . Thus, for C = 4Q(d)3dc6β/|m|,
π(B) 4Q(d)|m| 3
dc6βhβ/t,2ϕ+φ/(1+d)
(|B|)( |B||λ|
)β(1− 1
t
)
 Chβ/t,2ϕ+φ/(1+d)
(|B|). (25)
Now assume that c−j0−5|λ| < |B| < |λ|. Then B ∩ λ is covered by at most cd(j0+6) cubes
of generation j0 + 5 + 〈λ〉c. Let ν be such a cube. Note that (25) still holds for closed balls
with diameter less than c−j0−5|λ|. In particular, if ν intersects the closure of at least two cubes
of Gq+1 which are included in λ, we have π(ν)  Chβ/t,2ϕ+φ/(1+d)(|ν|), thanks to (25). If ν
intersects the closure of only one cube λ′ ∈ Gq+1 which is included in λ, let χ ∈ Gq ′ (q ′ 
q + 1) be the subcube of λ′ of largest diameter such that ν intersects the closure of at least two
cubes of Gq ′+1 which are included in χ . Then (B) ensures that |B| > |ν| |χ | and (24) yields
392 A. Durand / Advances in Mathematics 218 (2008) 368–394π(ν)  hβ/t,2ϕ+φ/(1+d)(|ν|). If ν does not intersect the closure of any cube of Gq+1 which is
included in λ, we have π(ν) = 0. It follows that
π(B)max(1,C)cd(j0+6)hβ/t,2ϕ+φ/(1+d)
(
c−j0−5|λ|).
Recall that cj0  (c−j1)−φ(c−j1 )/(1+d)  |λ|−φ(|λ|)/(1+d)  |B|−φ(|B|)/(1+d), because r →
r−φ(r)/(1+d) is nonincreasing on (0, c−j1 ]. Moreover, c−j0−5|λ| < |B| < |λ|  c−j1 , owing
to (C), and hβ/t,2ϕ+φ/(1+d) increases in the same interval. Hence
π(B)max(1,C)c6dhβ/t,2ϕ+φ
(|B|).
We finally obtain (17), for any open ball B of sufficiently small radius. Lemma 14 leads to (16)
for any t > 1.
By virtue of (16), Ewt belongs to Ghβ,ϕ (Rd) if t = 1 and to Ghβ/t,2ϕ+φ (Rd) for any φ ∈ Φ if
t > 1. Lemma 12 implies that Et belongs to the same classes. Moreover, E˜t ∩ U = Et ∩ U for
all open subset U of (0,1)d . Thus E˜t belongs to Ghβ,ϕ ((0,1)d) if t = 1 and to Ghβ/t,2ϕ+φ ((0,1)d)
for any φ ∈ Φ if t > 1. Theorem 6 is proven.
6.3. Proofs of Propositions 8 and 10
The proofs of Propositions 8 and 10 are very similar to that of Theorem 6, so we just give the
necessary modifications.
6.3.1. Proof of Proposition 8
For some Borel set Σ of full m¯-measure in Rd and for all x ∈ Σ , there is an integer j (x) ∈ N
such that for all integer j  j (x),
sup
z∈[0,1]d∩3λcj (x mod Zd )
max
s∈{1,...,d}
b∈{0,...,c−1}
∣∣σb,j (zs)− πsb ∣∣√log c ς(c−j ). (26)
Note that the set F defined by (15) has full m¯-measure in Rd . Thus, replacing Σ by Σ ∩ F if
necessary, we may assume that Σ ⊆ F .
We can replace the set Iμ,α,wM,ψ by IDevπ in the statement of Lemma 13. Indeed, with the no-
tations of the proof of Lemma 13, the point x˙ = x − q = x mod Zd now belongs to (0,1)d
and the integer j0 is now such that (26) holds for any integer j  j0. Let i ∈ I2 and p ∈ Zd
with x ∈ B¯(p + xi, ri/2). As x ∈ F , we may assume that B¯(p + xi, ri/2) ⊆ F . Thus q = p and
x˙ ∈ B¯(xi, ri/2). Let j1 be the largest integer such that ri  c−j1 . We have xi ∈ B¯(x˙, ri/2) ⊆
3λcj1(x˙)∩ [0,1]d and j1  j0, so that
max
s∈{1,...,d}
b∈{0,...,c−1}
∣∣σb,j1(xsi )− πsb ∣∣√log c ς(c−j1)
owing to (26). Meanwhile, j1 = 	−logc ri
 and ς(c−j1) 2ς(ri) if j0 is large enough. We end
up with i ∈ IDevπ .
We can replace Iμ,α,wM,ψ by IDevπ everywhere in the proof of Theorem 6. This way, we ob-
tain (16) with EDev instead of Ew, for any t  1. Proposition 8 follows.t t
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For some Borel set Σ of full m¯-measure in Rd and for all x ∈ Σ , there is an integer j (x) ∈ N
such that for all integer j  j (x),
sup
z∈3λcj (x)
∣∣∣∣1j Sfj (z)− P ′f (q)
∣∣∣∣ κ|q|ς
(
c−j
)
. (27)
We can replace the set Iμ,α,wM,ψ by I
Bir
f,q in the statement of Lemma 13. Indeed, the integer j0 is now
such that (27) holds for any integer j  j0. Let i ∈ I2 and p ∈ Zd with x ∈ B¯(p + xi, ri/2). Let
j1 be the largest integer such that ri  c−j1 . We have p+ xi ∈ B¯(x, ri/2) ⊆ 3λcj1(x) and j1  j0,
so that ∣∣∣∣ 1j1 Sfj1(xi)− P ′f (q)
∣∣∣∣ κ|q|ς
(
c−j1
)
thanks to (27) and the periodicity of f . Meanwhile, j1 = 	−logc ri
 and ς(c−j1) 2ς(ri) if j0
is large enough. This yields i ∈ IBirf,q .
We can replace the set Iμ,α,wM,ψ by I
Bir
f,q everywhere in the proof of Theorem 6. Thus, (16) holds
with EBirt instead of Ewt , for all t  1. Proposition 10 follows.
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